
Math 565: Functional Analysis
Lecture 3

Theorem
.

For Kaps &, LiSul is a Banach
space.

Proof
. Using the absolutely convergent series criterion ,

we need to take a series If

which converges absolutely ,
i

. e. El Fully s ,
and

prove thatIf exists and is

in L.

Put g
:= /ful .

Then applying MCT to (full"Myp and using A-inequality gives:

Il gllp =lim llfullp lim Ilfullp= full
N + &MN

Thus ge(P and in particular ga& a .
e

.,
which means that fiz Ef converges are.

Finally ,
If-IFul CIA) + [Ifull" - (g + g)" = 2"g" so DCT gives :

11t-It 0 and"Ifllp = him 112 fully : IIgllp <*
.

< N Nag MN

Theorem
. Simple functions are dense in L

, 1pC &.

Proof
. Writing a function felp as felfe-ful + ilfei-f-i) reduces to proving that every

non-negative FEL" is a limit (in() of simple functions. But we know that there is

an increasing sequence (ful of simple functions such that for pointwise,
in particular , Iful-If so IIFellpsllp 28 Leave ineL"

·

Also
,
If-ful

(14) + Iful)" = 2PAP so by OCT
, llf-fullp -0 .

Call a measure space
IX

, U , M) essentiall countably generated if there is a ctbl Feel

such that the valgebra < 13t generated byIn is essentially M,
i

. e.

for each McC Where is BECE with M =MB (i . e .

MAB is wall)

Theorem. For 1pC & and essentially othly generated 5-finite measure space
IX , M , M) ,

the space L"(X ,
d

,M) is separable.



Proof .
Let EES be a ctbl get essentially generating M ,

and let A :=I

be the algebra generated by I ,
so t is atbl.

Claim . For each MESU of finite measure and 20 there is AEA with MIMAA)3 .
PF ofClaim

.Brace
M =mB for come BEE

,

we may assume MECE

M is definite
,
the uniqueness part of Cora theodory's extension

them gives m
= (M/s)* so MIM) = infhEMAn) : MIVAn

,
And

Thus there are And A such that M = VA and MIM) ICA.
ne/)

In particular, MIAu) -

> M(M) + 3/2 > &
,

so More is NEI such that

M(An) = 2/2 . Putting A: An ,
we get :

h(MAA) - M(MAA) +MLA Klaim)

let Q denote the complex-rational (i . e. + IQ) linear combinations of indicator
functions of the sele in A of finite measure

,
so Oh is col

.

To show that Q
is dense in LP it suffices te approximate indicador functions Am with
indicator functions of sets in A of Finite measure (so there in P as well).

ByDe claim
,
for each McM with (M) < & and 30 there is AES

with M/MAA) : P
.
But then

J11m-1alPdm = )lAm-1aldm = M/MAA) IP so lAm-Halp = 2.

Examples .
(PIIR

,
X)

,
2112*, Bernoullik)) ,

LP(I
, counting measures are separable for all

1pc &

Chebysher's inequality. For PSpC &, fel" ,
and &30, If/

M((fk- 2) = (1) fp)" . di
Proof. The monotonicity of tht" gives B : = (12d) = CH229) ,

so
nam



M(B) .<Siddmf ,
heM

L space .

let (X , g) be a measure space .

Define (
*

/X
, n) as the set mod wall) of momea-

curable functions which are bod on a p-comull set
,
i

.
e .
fe(= -X' = X

concell such But flyt is bod .
This is a verber space (finite unions of wall set

are will) and we define
11 flld : = inf (M20 : If1 < Ma

.
e

. )
In fact

,
this int is a min becometbl intersection of onall ot in wonall.

lIndeed
,
let Mul Illa Men (181/Ila) = 1)1fMub is could

The value Illa is called the essential supremum.
"of f.

Obs
. If feL(X ,m) ther EF = Fa

.
e .

such that lAlld = Elle

Prop , (a) 11 . Ild is a room on L(X
,M)
.

(b) L* (X
, m) is a Bannch space.

1) simple functions are dense in L
*

/X,M.
Proof. Choosing actually boarded representatives reduces proving (a)-11) for B(X)

,
the

space of bod functions
.

Thus lat and 1b) follow from the fact What 11 - Im is

aroom on BIX) making it a Banach space .
As for 1)

, assuring fe is

bold we may assume fort /by voiding f = If+ -fl + ilfes-fill .

But Ken

we
know that 7 (f) of simple functions st

.

Inf and the convergence is

uniform becase t is bod.

Notation
.

For O<pc & and a set X
,
denote eP(X) := L/X

,
G(X)

, counting measure).

Remark
.

For d= 0
,

1, . . . , d-1) ,
e"(d) = (C

,
11 . llp).



Because P(I) = < (n) : nEIN >
5

,
l"(IN) is aparable for KpS& . However :

Prop .
(

*

(IN) is not separable ,
neither are LMIRd

,
x) and 2/2

,
Bernoullik)).

In fact
,
(4/X

,
de

, m) is separable=> (X, de, M) is purely atomic with finite

many disjoint atoms.
Proof. To courey the idea

,
it suffices to prove that *N) is not separable.

The proof of

the general statement is left as an exercise.

Note that for distinct A
,
BE IN

,
we have I/AA-ABId = 1

,
so the balls B(1A) of

radius2 about Ap are pairwise disjoint for distinct A-IN . Every dense wet Del
*(IN)

must meet each of these balls
,

so ID17/OCINI > /INI .

Multiplicative properties of Li spaces.

let FELP and goll ,

what can we say
about fig ?

Prop .
Geometric average = algebraic ,

i
.

e
.

Va
,
6>0 and &ECO

,
1)

,
we have

at f(1 -2)12 . a + (1 - 2)b .

Doof
.
This follows from the convexity of exponentiation tiet .

Indeed,
ad . b) - 2)

= (eA)d . (B)"
-2)

= e
↓ A + (1 -2)B

= L . el + (1- 2) eB = Ga + (1-d)6
.

Holder's inequality . Let Pap , g=>8 ,
fel" and get .

Then Eye "where- + t
treating & as 0)

.

In fact,
11f gllr < 11 fllp - 11 gly · (t)

In particular ,
when p andyare conjugate exponent , i. e

. A + t = 1
,

we have

llfyll ,
= llf/lpIlgIg (4)

Proof
.
Case p = y = &

.

Then r=& and Ilfglla > 11fllallgls holds because



<up (1f(x))
· (g(x)SupIf(x) · supIgl

X + X

Case
pay = d .

Then r=p and lIFgI = )If" /gldm-IlgI/Ilde = llgl.

Case p , ga · Its follows from I applied to IF
, Ig and I , & ,

so it
P

suffices to prove (4) . If Ifllp = 0 or IlgIy = 0 When F = 0
or g

= 0 and (4)
↑ llows trivially .

Thus assume I/fllp , I/gllq > 0 . Dividing both cides of # by
1 fIl pllgilg ,

i. e
. replacing f, g with #/flp and Eglp ,

reduces (4) to

IIf gl), I
for normal f

, g ,
i

. e
. Ip = ) and IIgIq = 1

.
To this end

, applying the geometric-
algebraic averages inequality to dif andth=t ,

we get :

Ifg) = //f(Pt · (lgit - #If1" + E1g/ ,
so integrating gives :

1) fyll , - J1fPdM +Y 19/2DM = to llf1 + 11g1 = y + y = 1
.


